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A NOTE ON FRACTIONAL POWERS OF
THE HERMITE OPERATOR
SUNDARAM THANGAVELU
Abstract. We give a very short proof of a result proved by Cappiello-Rodino-Toft on the
Weyl symbol of the inverse of the Harmonic oscillator. We also extend their results to
fractional powers.
1. Introduction
In 2015 Cappiello, Rodino and Toft [1] have considered the inverse of the Hermite operator
H = −∆+ |x|2 on Rn as a Weyl pseudodifferential operator and proved certain estimates of
Gevrey type for the symbol. They have also obtained an explicit expression for the symbol
when the dimension is even. The aim of this note is to give simple proofs of their results
making use of the connection between the Weyl tranform (which is related to the Schro¨dinger
representation on the Heisenberg group Hn) and the Hermite semigroup.
As is well known the spectrum of the operator H consists of (2k + n), k ∈ N and hence it
is invertible. The formal inverse can be written in terms of the spectral theorem by
H−1 =
∞∑
k=0
(2k + n)−1Pk
where Pk are the orthogonal projections associated to the eigenspaces corresponding to the
eigenvalues (2k+ n). However, it is known that H−1 is a pseudo-differential operator with a
symbol b(x, ξ) in the Weyl calculus. Thus
H−1ϕ(ξ) = (2pi)−n
∫
Rn
∫
Rn
ei(ξ−η)·yb(
ξ + η
2
, y)ϕ(η)dydη
for ϕ ∈ L2(Rn). In [1] the authors have obtained the following explicit expression for the
symbol b(x, ξ) when the dimension n is even.
Theorem 1.1. (Cappiello-Rodino-Toft) Let b2n(x, ξ) stand for the Weyl symbol of H
−1 on
R2n. Then one has the explicit formula
b2n(x, ξ) =
n−1∑
j=0
(n+ j − 1)!
(n− 1)!j! (−1)
j(2j)!
1− p2j(|x|2 + |ξ|2)e−(|x|2+|ξ|2)
(|x|2 + |ξ|2)2j+1
where pj(t) are the Taylor polynomials of the function e
−t about t = 0.
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The proof given in [1] is quite long and based on the fact that the symbol b satisfies a
partial differential equation. In this note, the above theorem becomes an easy consequence
of an integral representation for the symbol b which is based on the formula
H−1 =
∫ ∞
0
e−tHdt
and the fact that e−tH is a pseudodifferential operator with an explicit symbol. In the same
paper [1] the authors have proved the following result giving estimates on the derivatives of
the symbol b of H−1.
Theorem 1.2. The following estimates on the Weyl symbol b(x, ξ) of the operator H−1 are
valid: there exists a constant C > 0 such that for any α ∈ N2n and r ∈ [0, 1]
|∂αx,ξb(x, ξ)| ≤ C |α|+1(α!)(r+1)/2(|x|2 + |ξ|2)−1−(r/2)|α|.
In this note we give a short proof of the above theorem. Actually we can consider H−s
for any s > 0 and prove similar estimates for the Weyl symbol bs of the operator H
−s. We
will also say something about conformally invariant fractional powers H−s studied in the
literature.
2. Fractional powers H−s of the Hermite operator
In this section we consider fractional powers of the Hermite operator H = −∆ + |x|2 on
R
n. We first consider the negative powers H−s where s ≥ 0 which are given in terms of the
Hermite semigroup e−tH via the Gamma integral:
H−sf(x) =
1
Γ(s)
∫ ∞
0
e−tHf(x)ts−1dt.
The kernel of the semigroup e−tH is explicitly known and is given in terms of the Mehler’s
formula for the Hermite functions, see [6]. However, we can also write e−tH as the Weyl
transform of a function on Cn which allows us to realise e−tH and hence H−s as a pseudo-
differential operator. Recall that the Weyl transform W (F ) of a function F on Cn is defined
by
W (F )ϕ =
∫
Cn
F (z)pi(z)ϕdz
for ϕ ∈ L2(Rn). Here, pi(z) is the projective representation of Cn which is closely related to
the Schro¨dinger representations of the Heisenberg group. It is given explicitly by
pi(x+ iy)ϕ(ξ) = ei(x·ξ+
1
2
x·y)ϕ(ξ + y).
It turns out that W (F ) is an integral operator with kernel
KF (ξ, η) =
∫
Rn
e
i
2
x·(ξ+η)F (x, η − ξ)dx
where by abuse of notation we have written F (x, y) in place of F (x+iy). If F˜ (ξ, y) stands for
the inverse Fourier transform of F (x, y) in the first set of variables, then we have KF (ξ, η) =
F˜ ( ξ+η
2
, η − ξ). By letting b(ξ, η) stand for the full inverse Fourier transform of F in both
variables we can write W (F ) as
W (F )ϕ(ξ) = (2pi)−n
∫
Rn
∫
Rn
ei(ξ−η)·yb(
ξ + η
2
, y)ϕ(η)dydη.
FRACTIONAL POWERS OF THE HERMITE OPERATOR 3
Thus we see that the Weyl transform W (F ) is a pseudo-differential operator in the Weyl
calculus with symbol b(x, ξ).
We now make use of the well known fact that e−tH = W (pt) where
pt(z) = cn(sinh t)
−ne−
1
4
(coth t)|z|2
is the heat kernel associated to the so called special Hermite opereator, see e.g. [6]. In
view of the relation between a function F and the Weyl symbol of W (F ), we observe
that the Weyl symbol of the Hermite semigroup e−tH is given by the function at(x, ξ) =
cn(cosh t)
−ne−(tanh t)(|x|
2+|ξ|2). As Γ(s)H−s =
∫∞
0
ts−1e−tHdt the Weyl symbol of H−s is given
by
bs(x, ξ) =
cn
Γ(s)
∫ ∞
0
ts−1(cosh t)−ne−(tanh t)(|x|
2+|ξ|2)dt.
By taking s = 1 and making a change of variables we see that the Weyl symbol b(x, ξ) of
H−1 is given by
b(x, ξ) = cn
∫ 1
0
(1− t2)n/2−1e−t(|x|2+|ξ|2)dt.
It is an easy matter to prove Theorem 1.1.
Proof of Theorem 1.1 Let b2n stands for the Weyl symbol of H
−1 on R2n given by the
above expression. Then expanding (1− t2)n−1 and making a change of variables we get
b2n(x, ξ) =
n−1∑
j=0
(n+ j − 1)!
j!(n− 1)! (−1)
j
(∫ (|x|2|+|ξ|2)
0
t2je−tdt
)
(|x|2 + |ξ|2)−2j−1.
The proof is completed by showing that 1
j!
∫ a
0
tje−tdt = 1− e−apj(a) where pj are the Taylor
polynomials of e−t. But this follows immediately by induction.
In [1] the authors have studied H−1 as a pseudo-differential operator. For the Weyl symbol
b(x, ξ) of H−1 the authors have proved the estimate
|∂αx,ξb(x, ξ)| ≤ C |α|+1(α!)(r+1)/2(|x|2 + |ξ|2)−1−(r/2)|α|
for some constant C which is independent of α ∈ N2n and r ∈ [0, 1]. The proof given in [1] is
quite long and uses several results from microlocal analysis. Here we give a very short proof
of the same.
Theorem 2.1. For 0 < s ≤ 1 we have the following estimates on the Weyl symbol bs(x, ξ)
of the operator H−s: there exists a constant constant C > 0 such that for all α ∈ N2n and
r ∈ [0, 1]
|∂αx,ξbs(x, ξ)| ≤ C |α|+1(α!)(r+1)/2(|x|2 + |ξ|2)−s−(r/2)|α|.
Proof. We make use of some properties of the Hermite functions on Rn. Recall that Hermite
polynomials Hk(t) on the real line are defined by the equation
Hk(t) = (−1)ket2 d
k
dtk
e−t
2
and the normalised Hermite functions are given by hk(t) = (2
kk!
√
pi)−1/2Hk(t)e
− 1
2
t2 . It is
then well known that hk(t) are bounded functions uniformly in k. The multi-dimensional
Hermite functions Hα(x), x ∈ Rn, α ∈ Nn are defined by taking tensor products. Thus the
2n-dimensional Hermite polynomials Hα, α ∈ N2n are defined by the equation
Hα(x, ξ)e
−(|x|2+|ξ|2) = (−1)|α|∂αx,ξe−(|x|
2+|ξ|2).
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Therefore, from the integral representation for bs we obtain the relation
∂αx,ξbs(x, ξ) = (−1)|α|
cn
Γ(s)
∫ ∞
0
ts−1(cosh t)−n(tanh t)
1
2
|α|Hα((tanh t)
1/2(x, ξ))e−(tanh t)(|x|
2+|ξ|2)dt.
We now make use of the fact that the normalised Hermite functions Φα(x, ξ) defined by
Φα(x, ξ) = (2
|α|(α!)pin)−1/2Hα(x, ξ)e
− 1
2
(|x|2+|ξ|2)
are uniformly bounded (which follows from the fact that hk(t) are uniformly bounded). This
leads to the estimate
|∂αx,ξbs(x, ξ)| ≤ Cn2
1
2
|α|(α!)1/2
∫ ∞
0
ts−1(cosh t)−n(tanh t)
1
2
|α|e−
1
2
(tanh t)(|x|2+|ξ|2)dt.
In order to estimate the integral appearing above, we write it as
I =
∫ ∞
0
Πnj=1t
(s−1)/n(cosh t)−1(tanh t)
1
2
αje−
1
2n
(tanh t)(|x|2+|ξ|2)dt.
Applying generalised Holder’s inequality, we are led to estimating I ≤ Πnj=1I1/nj where
Ij =
∫ ∞
0
ts−1(cosh t)−n(tanh t)
n
2
αje−
1
2
(tanh t)(|x|2+|ξ|2)dt.
Assuming s = 1 and making a change of variables, we have to estimate the integral
J =
∫ 1
0
(1− t2)n/2−1tnk/2e−n2 ta2dt.
Further assuming that n ≥ 2 we get two kinds of estimates for J. Namely, J ≤ Ca−2 and J ≤
CΓ(1+(nk)/2)a−2−nk. These estimates immediately lead to the estimates I ≤ C(|x|2+|ξ|2)−1
and
I ≤ C |α|(α!)1/2(|x|2 + |ξ|2)−1−(1/2)|α|
where we have used Stirling’s formula to estimate the Gamma function. Thus we have proved
|∂αx,ξbs(x, ξ)| ≤ C |α|(α!)1/2(|x|2 + |ξ|2)−1
as well as
|∂αx,ξbs(x, ξ)| ≤ C |α|(α!)(|x|2 + |ξ|2)−1−(1/2)|α|.
Interpolation now gives the required estimate when s = 1. When 0 < s < 1, we are led to
estimate the integrals∫ ∞
0
ts−1(cosh t)−n(tanh t)
1
2
|α|e−
1
2
(tanh t)(|x|2+|ξ|2)dt.
As tanh t behaves like t for t small and is dominated by t for t ≥ 1 and since s− 1 < 0 we
can bound the above integral by∫ ∞
0
(tanh t)s−1(cosh t)−n(tanh t)
1
2
|α|e−
1
2
(tanh t)(|x|2+|ξ|2)dt.
This can be estimated as before yielding the required estimate.

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3. More on fractional powers of the Hermite operator
As noted elsewhere, it is sometimes more convenient to use a variant of the fractional
power. At least in the case of the sublaplacian L on the Heisenberg group Hn , it has turned
out to be more natural and fruitful to use the conformally invariant fractional power Ls
instead of the pure fractional power Ls, see [5] for the definition. For the case of the Hermite
operator it amounts to replace Hs by the operator defined by
Hsϕ =
∞∑
k=0
Γ(2k+n+1+s
2
)
Γ(2k+n+1−s
2
)
Pkϕ
where Pk are the spectral projections associated to H. In view of Stirling’s formula for the
Gamma function, it follows that Hs differs from the pure power H
s by a bounded operator
Us. Indeed, if we let
Usϕ =
∞∑
k=0
Γ(2k+n+1+s
2
)
Γ(2k+n+1−s
2
)
(2k + n)−sPkϕ
then clearly, Us is bounded on L
2(Rn) and Hs = UsH
s. We also note that H−1s = H−s. Using
the connection between Ls and Hs we can obtain an explicit formula for the Weyl symbol of
H−1s .
We make use of several known facts: first of all we recall (see [6]) that Pk = (2pi)
−nW (ϕk)
where ϕk(z) = L
n−1
k (
1
2
|z|2)e− 14 |z|2 are the Laguerre functions of type (n − 1) on Cn. Here
Lαk (r) are Laguerre polynomials of type α. Thus if we let
Fs(z) = (2pi)
−n
∞∑
k=0
Γ(2k+n+1−s
2
)
Γ(2k+n+1+s
2
)
ϕk(z)
then it follows that H−1s = W (Fs). The function Fs is known explicitly. To see this, let
ϕαk (r) = L
α
k (r
2)e−
1
2
r2 be Laguerre functions of type α. Let Kν(r) stands for the Macdonald
function of type ν defined by the Sommerfeld integral (see [4] p.226)
Kν(r) =
1
2
(
r
2
)ν
∫ ∞
0
e−(t+
r2
4t
)t−ν−1dt.
Then the function Gα,σ(r) defined by
Gα,σ(r) =
2α+σΓ(α−σ
2
)√
piΓ(σ)
r−α−1+σK(α+1−σ)/2(
1
2
r2)
can be expanded in terms of the functions ϕαk . In [2] the authors have shown that
Gα,σ(r) =
2
Γ(α + 1)
∞∑
k=0
Γ(2k+α+1+1−σ
2
)
Γ(2k+α+1+1+σ
2
)
ϕαk (r).
Thus we see that, by choosing α = n− 1 and σ = s, the function Fs is explicitly given by
Fs(z) = cn,s|z|−n+sK(n−s)/2(1
4
|z|2)
where cn,s is an explicit constant. Finally the Weyl symbol of H
−1
s is given by
bs(x, ξ) = (2pi)
−n
∫
R2n
Fs(u+ iv)e
−i(x·u+ξ·v)dudv.
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Theorem 3.1. For 0 < s ≤ 1 the Weyl symbol of H−1s is given explicitly by
bs(x, ξ) = cn,s
∫ 1
0
e−a(|x|
2+|ξ|2)as−1(1− a2) (n−s−1)2 da.
Moreover, the following estimates are valid:
|∂αx,ξbs(x, ξ)| ≤ C |α|+1(α!)(r+1)/2(|x|2 + |ξ|2)−s−(r/2)|α|
for some constant C which is independent of α ∈ N2n and r ∈ [0, 1].
Proof. In order to get the integral representation for bs(x, ξ) we make use of the Poisson
integral representation of Kν : ( see [4], p.223)
Kν(r) =
√
pi√
2Γ(ν + 1/2)
r−1/2e−r
∫ ∞
0
e−ttν−1/2(1 + t/(2r))ν−1/2dt.
Recalling the formula for Fs(z) in terms of K(n−s)/2(
1
4
|z|2) and using the fact that the Fourier
transform of e−t|z|
2
is a constant multiple of t−ne−
1
4t
|z|2 we see that, after a change of variables,
bs(x, ξ) = cn,s
∫ 1
0
e−a(|x|
2+|ξ|2)as−1(1− a2) (n−s−1)2 da.
We observe that the above expression coincides with the formula we got for b1 earlier. Esti-
mating derivatives of bs is done as in the case of s = 1. We leave the details to the reader.

Remark 3.2. The integral representation for bs can also be obtained easily by making use of
the numerical identity (see [3, p. 382, 3.541.1])
∫ ∞
0
e−µt sinhν βt dt =
1
2ν+1
Γ
(
µ
2β
− ν
2
)
Γ(ν + 1)
Γ
(
µ
2β
+ ν
2
+ 1
) ,
which is valid for Re β > 0, Re ν > −1, Reµ > Re βν. The proof given above has the added
advantage that the Fourier transform of bs is given explicitly. Indeed, we have∫
R2n
bs(x, ξ)e
−i(y·x+ξ·η)dxdξ = Cn,s(|y|2 + |η|2)−(n−s)/2K(n−s)/2(1
4
(|y|2 + |η|2)).
Since Kν is a linear combination of the modified Bessel functions Iν and I−ν , (see [4], p.224),
the above is an explicit formula for the Fourier transform of bs.
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